We develop a connection between vertex coloring in graphs and star arboricity which allows us to prove that every planar graph has star arboricity at most 5. This settles an open problem raised independently by Algor and Alon and by Ringel. We also show that deciding if a graph has star arboricity 2 is NP-complete, even for 2-degenerate graphs.
Introduction
Our terminology and notation will be standard except as indicated. A good reference for any undefined terms is [5] .
A star is a tree with at most one vertex with degree larger than 1. A star Jorest (also termed a meadow in [10] ) is a forest whose components are each stars. A star coloriny of G is a partition of E(G) into star forests. Equivalently, a star coloring of G is a coloring of E(G) such that there is no monochromatic 3-path; thus star coloring is a rather natural extension of ordinary edge coloring. The star arboricity of G, denoted st (G) , is the minimum number of edge-disjoint star forests whose union covers all of E(G). We Earlier in [1] ; it had been shown that st(Kn.n) = In~2] + 2, for n~>7.
For general graphs G, let us first note that trivially a(G)<<.st(G)<~2a(G), where a(G) denotes the edge-arboricity of G. Nash-Williams [9] showed that a(G) = max
FIE(H)I/(IV(H)I-l)]
, the maximum being taken over all subgraphs H of G. In particular, for any r-regular graph G we have a(G) = Lr/2J + I, and so [r/2j +1 <~st(G)<~ 2[r/2J + 2. The following tight asymptotic bounds on st(G) for r-regular G were obtained in [2,3] using probabilistic methods. [10] . In the following section, we establish a close connection between star coloring and vertex coloring which, together with a powerful vertex coloring theorem of Borodin, will allow us to obtain the tight upper bound st(G)~< 5 for planar G. We will conclude the section by briefly considering star coloring of k-degenerate graphs.
In the final section, we consider the algorithmic complexity of star coloring. We will prove that deciding if st(G)<<.2 is NP-complete, even for 2-degenerate graphs.
Star coloring and vertex coloring
Let cg~ = (E1,E2,...,Ek) be a k-star-coloring of G, where Ej denotes the edges with color j and (Ej) denotes the spanning subgraph of G with exactly these edges. A proper vertex coloring c~ of G is called acyclic (unicyclic) if every pair of color classes under ~ induces a graph whose components are all acyclic (whose components each contain at most one cycle). Clearly an acyclic coloring is unicyclic. Given a vertex coloring cg of G, a star coloring cg~ of G is said to respect cg if the color of each center v under cg~ matches the color of v under c~.
We now prove a theorem which establishes an interesting connection between unicyclic vertex-coloring and strict star-coloring. We will then apply this theorem to establish a tight upper bound for st(G) when G is planar, and also to obtain a sufficient condition for a k-degenerate graph to be (k + 1)-star-colorable.
Theorem 1. If G has a uni~Tclic k-vertex-coloring, then G has a strict k-star-coloring in which each vertex is good.
Before proving Theorem 1, we need the following lemma. If we 2-star-color each Gij in this way, it is easy to see that we obtain a strict k-star-coloring of G in which every vertex is good.
In 1980, Borodin proved the following result [6] .
Theorem D. Every planar graph is acyclically 5-colorable.
Since an acyclic vertex coloring is trivially unicyclic, Theorem D and Theorem 1 together immediately imply the following result, which settles the problem raised by Algor and Alon and by Ringel.
Theorem 2. Every planar graph has a strict 5-star-coloring in which every vertex is good.
The upper bound in Theorem 2 is tight since Algor and Alon [2] constructed examples of planar graphs which cannot be 4-star-colored.
Theorem 1 also has application for star-coloring k-degenerate graphs [5, p. 272] . It is easy to see that if G is k-degenerate, then a(G)<~k and thus st(G)<~2k. Moreover, AIon et al. [3] have constructed a family of bipartite graphs Gl, G2 .... such that Gk is k-degenerate and st(Gk) = 2k. But occasionally we can guarantee a star arboricity smaller than 2k for k-degenerate graphs. Consider a k-degenerate graph G with the vertices ordered vl,v2 ..... vn so that each vi has degree at most k in the graph induced by Vl,..., vi. Then we can (k + l)-color G using colors 1,2 ..... k + 1 by considering the vertices in the above order and assigning each vertex the smallest available color. Suppose in addition that, for every i, the graph induced by N(vi)A {vt,...,vi-l} is complete. Then the (k + 1)-coloring described above will be acyclic, since if some cycle were 2-colored, the last vertex on the cycle to be colored would have two previously colored neighbors which are colored the same and adjacent, a contradiction. By Theorem 1, it follows that such a G is strictly (k + 1)-star-colorable. As an easy corollary, it follows that every maximal outerplanar (and therefore every outerplanar) graph is strictly 3-star-colorable. Theorem 1 also has a satisfying partial converse which we now state and prove. Before proving Theorem 3, we exhibit an example which demonstrates the necessity of the hypothesis 'every vertex is a center'. In the graph in Fig. 1 , a strict 3-starcoloring is shown in which every vertex is good and only the vertex v is not a center. But the graph is obviously not unicyclically 3-vertex-colorable. 
Proof of Theorem

The complexity of star coloring
Consider the following decision problem.
2-STA R-COLORABILITY
INSTANCE: Undirected graph G.
QUESTION: Is st(G)<~2?
We prove the following theorem. we add an edge as shown in Fig. 4 ; the other connections are done analogously. The graph which results is G~e. We have the following.
Claim. The instance c¢ is satisfiable if and only if st(G~)<<,2.
The proof of the claim consists of two easily verified observations:
(1) In any 2-star-coloring of G~, all connection edges coming into ui(~), as well as the edge uiai(~ ~i), must be red (blue), or vice-versa. We may think of the literals for which these edges are red (blue) as the true (false) literals. (i) If all three hairs in Bj are given the same color, it is not possible to 2-starcolor Bj;
(ii) Given any coloring of the three hairs of Bj which uses both colors, we can complete a 2-star-coloring of Bj.
We conclude that 2-STAR-COLORABILITY is NP-complete. Since G~ is 2-degenerate, the problem remains NP-complete for 2-degenerate graphs. This proves Theorem 4. []
